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Abstract
Different (proper as well as improper) simple games may share any nonseparating blocking family. An interesting question is
whether all such proper games on one hand, and all improper ones on the other, are isomorphic. The answer is given here and the
automorphisms of the blocking family help us to understand the structure and links of all such games.
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1. Introduction
Usually, a (monotonic) simple game is deﬁned by giving the set of minimal winning coalitions or, indirectly, by
means of a weight distribution among the players and a minimum threshold or quota to be satisﬁed—we then speak of
a “weighted majority game”.
Sometimes, however, the game has to be deﬁned in a more complicated way that includes additional restrictions
that decrease the number of winning coalitions. This is the case of increasing the quota in weighted majority games,
awarding veto right to some players, or requiring some kind of consensus. (Some real-life examples can be found
in [3].)
Along with the winning ones, “blocking” coalitions may arise in a simple game. These latter are important since, in
spite of being not winning, they are powerful enough to prevent a proposal from passing, and this capability becomes
relevant in certain contexts.
When the set of winning coalitions decreases, the set of blocking coalitions necessarily increases. This suggests that
both families of coalitions are closely related to each other. Then, a question arises as to the possibility of deﬁning a
game by directly giving its family of blocking coalitions. To be precise:
(a) Which are the characteristic properties of the blocking family of any simple game, in the sense that any family of
coalitions satisfying them is the blocking family of some game?
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(b) How to ﬁnd all games having a given (nonempty) blocking family?
(c) What about uniqueness?
All these questions were answered in [3] (see Theorem 2.5 and Remark 2.6 here). Two further questions arise now:
(d) In case of multiplicity of games sharing a nonempty blocking family, are they necessarily all isomorphic, the proper
ones on one hand and the improper ones on the other?
(e) Otherwise, or more generally, how are these games organized and related?
We answer these questions and introduce and use the notion of automorphism of a blocking family in order to study:
(1) the isomorphism classes that split the set of games with a common nonempty blocking family; and (2) the existing
links within each class.
The organization of the paper is then as follows. Section 2 recalls from [3] some basic deﬁnitions and the main
results. Section 3 provides the answers to question (d) stated in the previous paragraph. In Section 4, we introduce the
notion of automorphism and related ideas in order to deal with question (e). Finally, in Section 5 we apply them to
several examples.
2. Simple games and blocking families
Deﬁnition 2.1. A (monotonic) simple game is a pair (N,W) where N = {1, 2, . . . , n} is a ﬁnite set of players and
W is a family of coalitions (subsets of N) such that (1) ∅ /∈W , (2) N ∈ W , and (3) if S ∈ W and S ⊂ T ⊆ N then
T ∈ W (monotonicity). A coalition S is winning if S ∈ W , and losing otherwise. Due to monotonicity, the family Wm
of minimal winning coalitions determines the game. (For a complete theory of simple games, the reader is referred
to [7].)
Given a game (N,W), the set 2N of all coalitions splits into four families, namely:
• DW = {S ⊆ N : S ∈ W and N\S /∈W } (decisive winning coalitions).
• CW = {S ⊆ N : S ∈ W and N\S ∈ W } (conﬂictive winning coalitions).
• QW = {S ⊆ N : S /∈W and N\S /∈W } (blocking coalitions).
• PW = {S ⊆ N : S /∈W and N\S ∈ W } (strictly losing coalitions).
(Sometimes, “blocking coalitions” are merely deﬁned as the complements of losing coalitions—thus allowing the
possibility that a winning coalition may or may not be blocking. We prefer to distinguish the power to win (S ∈ W )
from the power to block (N\S /∈W ) and split therefore the set of coalitions into four disjoint classes that, anyway,
could always be grouped, if necessary: for example, W = DW ∪ CW .)
In the sequel we will generally assume N to be ﬁxed and abuse the notation by speaking of “a simple game W on
N ”. A gameW is strong if QW =∅, and weak otherwise. In a similar way, a gameW is proper if CW =∅, and improper
otherwise. These two crossed partitions classify all simple games into four types.
QW will be called the blocking family of game W. Of course, all strong games share a common blocking family:
QW = ∅. But even in the weak case different games may have the same (nonempty) blocking family, if n4, as is
shown in the following example.
Example 2.2. Let n = 4 and W1 and W2 be deﬁned by
Wm1 = {{1, 3}, {1, 4}, {2, 3, 4}} and Wm2 = {{1, 3}, {2, 3}, {1, 2, 4}}.
Then QW1 = {{1, 2}, {3, 4}} = QW2 . If n> 4, it sufﬁces to add n − 4 null players 5, . . . , n to the above games in order
to get null extensions with n players such that the corresponding blocking families coincide again (although, after the
adjunction, they have cardinality 2n−3).
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Deﬁnition 2.3. A family Q ⊆ 2N is a blocking family if it satisﬁes the following properties:
(Q1) ∅ /∈Q and N /∈Q.
(Q2) T ∈ Q iff N\T ∈ Q.
(Q3) If T1 ⊂ T ⊂ T2 and T1, T2 ∈ Q, then T ∈ Q.
Of course, the blocking family of any simple game satisﬁes (Q1)–(Q3).
Deﬁnition 2.4. A family Q ⊆ 2N is a separating family if for each S ⊆ N there exists some T ∈ Q such that S ⊆ T
or T ⊆ S.
Theorem 2.5 (see [3]). Let N be a ﬁnite set of players. Then:
(a) (Existence) There is a surjective inclusion-decreasing map, given by W → QW , between the set of weak games
on N and the set of nonempty blocking families on N.
(b) (Uniqueness) A nonempty blocking family determines the game univocally (as its inverse image) iff it is separating.
(c) (Multiplicity) Each one of the remaining (that is, nonseparating) nonempty blocking families admits at least two
proper games and one improper game.
Remark 2.6 (See [3]). Let Q be a nonempty blocking family on N. We set
WQ = {S ⊆ N : S /∈Q and T ⊂ S for some T ∈ Q}.
WQ is a proper and weak game on N. We also set Q = QWQ . Then:
(a) If Q is a separating family then WQ is the only game having Q as blocking family, so that Q = Q.
(b) If Q is a nonseparating family then Q ⊂ Q. By a selecting family we mean any Q′ ⊆ Q\Q such that, for any
T ∈ Q\Q, either T ∈ Q′ or N\T ∈ Q′ (or both). For every selecting family Q′, WQ′Q = (WQ ∪ Q′)+, where +
stands for the family of supersets, is a game having Q as blocking family. There are at most 3p such games, where
2p = |Q\Q|, and all games having Q as blocking family are obtained this way.
Thus, p = p(Q) is an essential parameter attached to every blocking family Q. Condition p = 0 is characteristic of
the separating blocking families. As will be seen, p=0 is the only possible value for n3 (see Example 3.2); for n=4
we ﬁnd p = 0, 1, 2 (see Examples 3.2 and 3.3 and Counterexample 3.4); for n = 5, p = 0, 1, 2, 3, 4, 6 (see Example
5.6).
3. Some examples and counterexamples
Let us ﬁrst see how the mechanism given in Remark 2.6(a) works in the separating case. It is worthy of noting that,
for any blocking family, the one-to-one complementation map S → N\S maps the set Qm of minimal coalitions of Q
onto the set QM of its maximal coalitions, and thus we have
Q = (Qm)+ ∩ (QM)−
(where − stands for the family of subsets) or, in other words,
Q = {S ⊆ N : T ⊆ S ⊆ R for some T ∈ Qm and some R ∈ QM}.
Then, in the separating case either Qm or QM determines the game.
For use in the following example, let us recall that players i, j ∈ N are said to be indifferent (or symmetric) in a
game W on N whenever S ∪ {i} ∈ W iff S ∪ {j} ∈ W for every S ⊆ N\{i, j}. Indifference is an equivalence relation
that gives rise to a partition of N into indifference classes. Therefore, when a few indifference classes arise in a game,
it is often useful to label players according to the class each one belongs to and use consequently models of coalitions
in order to alleviate descriptions of coalition sets (a procedure introduced in [4]).
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Example 3.1 (United Nations Security Council). Since 1966, the Council consists of ﬁve permanent members and
10 temporary ones. All of them have one vote and a majority of nine votes is required to pass a motion, but the ﬁve
permanent members have veto right. We will ignore, for simplicity, the possibility of abstention, which would lead us
to a different framework, that of games with multiple alternatives (see [1]).
Thus, we have here n = 15 players: 5 veto players (labelled a) and 10 ordinary players (labelled b). The common
model for all S ∈ Wm is 5a + 4b. As there are veto players, Q is a separating family and hence it uniquely determines
the game. The set Qm of minimal blocking coalitions is deﬁned by models a and 7b and determines the game; the set
QM of maximal blocking coalitions is given, in turn, by the complementary models 4a + 10b and 5a + 3b.
Therefore, this game can be deﬁned by the cardinalities of the indifference classes, namely 5 and 10, respectively,
and either
• the model 5a + 4b for all minimal winning coalitions (210 coalitions in all)
or
• the models a and 7b for the minimal blocking coalitions (125 coalitions in all).
Example 3.2. Now, let us describe all weak games with n4 players. There are (up to isomorphism) 14 weak simple
4-person games. A representative of each isomorphism class and the corresponding blocking family are given in
Table 1 (where, as in the other tables where these symbols appear, “P ” means “proper” and “I” means “improper”).
Only the blocking families marked with (∗) and (∗∗) are nonseparating, so that for n3 players, all blocking families
are separating and univocally determine a game—see rows 1, 2 and 10, provided that all coalitions containing player
4 have been deleted from QW .
Example 3.3. Let n = 4 and Q = {{1, 3}, {1, 4}, {2, 3}, {2, 4}}, which is (*) in Table 1. Then
WQ = {S ⊆ N : |S|3} and Q = {S ⊆ N : |S| = 2}
so that
Q\Q = {{1, 2}, {3, 4}}
and hence p = 1 and just three games (the minimum number) arise: two proper games isomorphic to each other and
one improper game (see Table 2).
Table 1
4-Person weak simple games and corresponding blocking families
Game Wm QW
P1 {{1, 2}} {{1}, {2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {1, 3, 4}, {2, 3, 4}}
P2 {{1, 2}, {1, 3}} {{1}, {1, 4}, {2, 3}, {2, 3, 4}}
I3 {{1, 2}, {3, 4}} {{1, 3}, {1, 4}, {2, 3}, {2, 4}}(∗)
P4 {{1, 2}, {1, 3}, {1, 4}} {{1}, {2, 3, 4}}
I5 {{1, 2}, {1, 3}, {2, 4}} {{1, 4}, {2, 3}}(∗∗)
I6 {{1, 2}, {1, 3}, {2, 4}, {3, 4}} {{1, 4}, {2, 3}}(∗∗)
P7 {{1, 2}, {1, 3, 4}} {{1}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {2, 3, 4}}
P8 {{1, 2}, {1, 3}, {2, 3, 4}} {{1, 4}, {2, 3}}(∗∗)
P9 {{1, 2}, {1, 3, 4}, {2, 3, 4}} {{1, 3}, {1, 4}, {2, 3}, {2, 4}}(∗)
P10 {{1, 2, 3}} {{1}, {2}, {3}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4},
{1, 2, 4}, {1, 3, 4}, {2, 3, 4}}
P11 {{1, 2, 3}, {1, 2, 4}} {{1}, {2}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}}, {{3, 4},
{1, 3, 4}, {2, 3, 4}}
P12 {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}} {{1}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}, {2, 3, 4}}
P13 {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}} {{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}}
P14 {{1, 2, 3, 4}} all T = N,∅
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Table 2
4-Person games blocked by Q = {{1, 3}, {1, 4}, {2, 3}, {2, 4}}
Game Q′ (WQ
′
Q )
m
P1 {{1, 2}} {{1, 2}, {1, 3, 4}, {2, 3, 4}}
P2 {{3, 4}} {{3, 4}, {1, 2, 3}, {1, 2, 4}}
I3 {{1, 2}, {3, 4}} {{1, 2}, {3, 4}}
Table 3
4-Person games blocked by Q = {{1, 4}, {2, 3}}
Game Q′ (WQ
′
Q )
m
P1 {{1, 2}, {1, 3}} {{1, 2}, {1, 3}, {2, 3, 4}}
P2 {{1, 2}, {2, 4}} {{1, 2}, {2, 4}, {1, 3, 4}}
P3 {{1, 3}, {3, 4}} {{1, 3}, {3, 4}, {1, 2, 4}}
P4 {{2, 4}, {3, 4}} {{2, 4}, {3, 4}, {1, 2, 3}}
I5 {{1, 2}, {1, 3}, {3, 4}} {{1, 2}, {1, 3}, {3, 4}}
I6 {{1, 2}, {2, 4}, {3, 4}} {{1, 2}, {2, 4}, {3, 4}}
I7 {{1, 2}, {1, 3}, {2, 4}} {{1, 2}, {1, 3}, {2, 4}}
I8 {{1, 3}, {2, 4}, {3, 4}} {{1, 3}, {2, 4}, {3, 4}}
I9 {{1, 2}, {1, 3}, {2, 4}, {3, 4}} {{1, 2}, {1, 3}, {2, 4}, {3, 4}}
Counterexample 3.4. Let n = 4 and Q = {{1, 4}, {2, 3}}, which is (**) in Table 1. Here
WQ = {S ⊆ N : |S|3} and Q = {S ⊆ N : |S| = 2}
again, but
Q\Q = {{1, 2}, {1, 3}, {2, 4}, {3, 4}},
p = 2 and we ﬁnd the maximum number of games sharing a blocking family (3p = 9). Among them, there are four
isomorphic proper games and ﬁve improper games, one of which is not isomorphic to the others (see Table 3). Then,
conjecture (d) stated at the end of the introduction is false in the case of improper games.
Counterexample 3.5. Let n = 5 and Q = {{1, 2}, {4, 5}, {1, 2, 3}, {3, 4, 5}}. In this case
WQ = {{1, 2, 4}, {1, 2, 5}, {1, 4, 5}, {2, 4, 5}} ∪ {S ⊆ N : |S|4},
Q = {{1, 2}, {1, 4}, {1, 5}, {2, 4}, {2, 5}, {4, 5},
{1, 2, 3}, {1, 3, 4}, {1, 3, 5}, {2, 3, 4}, {2, 3, 5}, {3, 4, 5}}
and
Q\Q = {{1, 4}, {2, 3, 5}, {1, 5}, {2, 3, 4}, {2, 4}, {1, 3, 5}, {2, 5}, {1, 3, 4}}.
As p = 4, there are 81 cases for Q′. Inclusion relations between coalitions may be found in Q\Q, so that
game (WQ ∪ Q′)+ may appear repeatedly: this is the case, e.g., for Q′1 = {{1, 4}, {1, 5}, {2, 4}, {2, 5}} and Q′2 ={{1, 4}, {1, 5}, {2, 4}, {2, 5}, {1, 3, 4}}, that lead to a common game. In fact, from the 81 families Q′, only 36 different
games with blocking family Q appear in all (see Table 4; the numbering comes from a particular way to ﬁnd all these
games that does not matter here). Among them, there are 9 proper games, but they are not all isomorphic as in the
previous examples. More precisely, we ﬁnd game P10 and three games isomorphic to it (P11, P12 and P13), game P28
and three games isomorphic to it (P29, P30 and P31) and, ﬁnally, game P36 with no isomorphic copy. Then, conjecture
(d) stated at the end of the introduction is neither true in the case of proper games.
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Table 4
5-Person games blocked by Q = {{1, 2}, {4, 5}, {1, 2, 3}, {3, 4, 5}}
Game Q′ (WQ
′
Q )
m
I1 {{1, 4}, {1, 5}, {2, 4}, {2, 5}} {{1, 4}, {1, 5}, {2, 4}, {2, 5}}
I2 {{2, 3, 5}, {1, 5}, {2, 4}, {2, 5}} {{1, 5}, {2, 4}, {2, 5}}
I3 {{1, 4}, {2, 3, 4}, {2, 4}, {2, 5}} {{1, 4}, {2, 4}, {2, 5}}
I4 {{1, 4}, {1, 5}, {1, 3, 5}, {2, 5}} {{1, 4}, {1, 5}, {2, 5}}
I5 {{1, 4}, {1, 5}, {2, 4}, {1, 3, 4}} {{1, 4}, {1, 5}, {2, 4}}
I6 {{2, 3, 5}, {1, 5}, {2, 4}, {2, 5}, {1, 3, 4}} {{1, 5}, {2, 4}, {2, 5}, {1, 3, 4}}
I7 {{1, 4}, {2, 3, 4}, {2, 4}, {1, 3, 5}, {2, 5}} {{1, 4}, {2, 4}, {2, 5}, {1, 3, 5}}
I8 {{1, 4}, {1, 5}, {2, 3, 4}, {1, 3, 5}, {2, 5}} {{1, 4}, {1, 5}, {2, 5}, {2, 3, 4}}
I9 {{1, 4}, {2, 3, 5}, {1, 5}, {2, 4}, {1, 3, 4}} {{1, 4}, {1, 5}, {2, 4}, {2, 3, 5}}
P10 {{2, 3, 5}, {2, 3, 4}, {2, 4}, {2, 5}} {{2, 4}, {2, 5}, {1, 4, 5}}
P11 {{2, 3, 5}, {1, 5}, {1, 3, 5}, {2, 5}} {{1, 5}, {2, 5}, {1, 2, 4}}
P12 {{1, 4}, {2, 3, 4}, {2, 4}, {1, 3, 4}} {{1, 4}, {2, 4}, {1, 2, 5}}
P13 {{1, 4}, {1, 5}, {1, 3, 5}, {1, 3, 4}} {{1, 4}, {1, 5}, {2, 4, 5}}
I14 {{2, 3, 5}, {1, 5}, {2, 4}, {1, 3, 4}} {{1, 5}, {2, 4}, {1, 3, 4}, {2, 3, 5}}
I15 {{1, 4}, {2, 3, 4}, {1, 3, 5}, {2, 5}} {{1, 4}, {2, 5}, {1, 3, 5}, {2, 3, 4}}
I16 {{1, 4}, {2, 3, 5}, {1, 5}, {1, 3, 5}, {1, 3, 4}} {{1, 4}, {1, 5}, {2, 3, 5}, {2, 4, 5}}
I17 {{1, 4}, {2, 3, 5}, {2, 3, 4}, {2, 4}, {1, 3, 4}} {{1, 4}, {2, 4}, {1, 2, 5}, {2, 3, 5}}
I18 {{1, 4}, {1, 5}, {2, 3, 4}, {1, 3, 5}, {1, 3, 4}} {{1, 4}, {1, 5}, {2, 3, 4}, {2, 4, 5}}
I19 {{2, 3, 5}, {1, 5}, {2, 3, 4}, {1, 3, 5}, {2, 5}} {{1, 5}, {2, 5}, {1, 2, 4}, {2, 3, 4}}
I20 {{1, 4}, {2, 3, 4}, {2, 4}, {1, 3, 5}, {1, 3, 4}} {{1, 4}, {2, 4}, {1, 2, 5}, {1, 3, 5}}
I21 {{2, 3, 5}, {2, 3, 4}, {2, 4}, {1, 3, 5}, {2, 5}} {{2, 4}, {2, 5}, {1, 3, 5}, {1, 4, 5}}
I22 {{2, 3, 5}, {1, 5}, {1, 3, 5}, {2, 5}, {1, 3, 4}} {{1, 5}, {2, 5}, {1, 2, 4}, {1, 3, 4}}
I23 {{2, 3, 5}, {2, 3, 4}, {2, 4}, {2, 5}, {1, 3, 4}} {{2, 4}, {2, 5}, {1, 3, 4}, {1, 4, 5}}
I24 {{1, 4}, {2, 3, 5}, {1, 5}, {2, 3, 4}, {1, 3, 5}, {1, 3, 4}} {{1, 4}, {1, 5}, {2, 3, 4}, {2, 3, 5}, {2, 4, 5}}
I25 {{1, 4}, {2, 3, 5}, {2, 3, 4}, {2, 4}, {1, 3, 5}, {1, 3, 4}} {{1, 4}, {2, 4}, {1, 2, 5}, {1, 3, 5}, {2, 3, 5}}
I26 {{2, 3, 5}, {1, 5}, {2, 3, 4}, {1, 3, 5}, {2, 5}, {1, 3, 4}} {{1, 5}, {2, 5}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}}
I27 {{2, 3, 5}, {2, 3, 4}, {2, 4}, {1, 3, 5}, {2, 5}, {1, 3, 4}} {{2, 4}, {2, 5}, {1, 3, 4}, {1, 3, 5}, {1, 4, 5}}
P28 {{1, 4}, {2, 3, 4}, {1, 3, 5}, {1, 3, 4}} {{1, 4}, {1, 2, 5}, {1, 3, 5}, {2, 3, 4}, {2, 4, 5}}
P29 {{2, 3, 5}, {1, 5}, {1, 3, 5}, {1, 3, 4}} {{1, 5}, {1, 2, 4}, {1, 3, 4}, {2, 3, 5}, {2, 4, 5}}
P30 {{2, 3, 5}, {2, 3, 4}, {2, 4}, {1, 3, 4}} {{2, 4}, {1, 2, 5}, {1, 3, 4}, {1, 4, 5}, {2, 3, 5}}
P31 {{2, 3, 5}, {2, 3, 4}, {1, 3, 5}, {2, 5}} {{2, 5}, {1, 2, 4}, {1, 3, 5}, {1, 4, 5}, {2, 3, 4}}
I32 {{1, 4}, {2, 3, 5}, {2, 3, 4}, {1, 3, 5}, {1, 3, 4}} {{1, 4}, {1, 2, 5}, {1, 3, 5}, {2, 3, 4}, {2, 3, 5}, {2, 4, 5}}
I33 {{2, 3, 5}, {1, 5}, {2, 3, 4}, {1, 3, 5}, {1, 3, 4}} {{1, 5}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, {2, 3, 5}, {2, 4, 5}}
I34 {{2, 3, 5}, {2, 3, 4}, {2, 4}, {1, 3, 5}, {1, 3, 4}} {{2, 4}, {1, 2, 5}, {1, 3, 4}, {1, 3, 5}, {1, 4, 5}, {2, 3, 5}}
I35 {{2, 3, 5}, {2, 3, 4}, {1, 3, 5}, {2, 5}, {1, 3, 4}} {{2, 5}, {1, 2, 4}, {1, 3, 4}, {1, 3, 5}, {1, 4, 5}, {2, 3, 4}}
P36 {{2, 3, 5}, {2, 3, 4}, {1, 3, 5}, {1, 3, 4}} {{1, 2, 4}, {1, 2, 5}, {1, 3, 4}, {1, 3, 5}, {1, 4, 5},
{2, 3, 4}, {2, 3, 5}, {2, 4, 5}}
4. Automorphisms
Let N be a ﬁnite set of players and SN denote the permutation group of N. Each f ∈ SN operates in a natural way
on coalitions by
f (T ) = {f (i) : i ∈ T } if T ⊆ N
and hence on families of coalitions like, e.g., simple games and blocking families, keeping invariant cardinalities,
inclusion relations and complementarity.
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Deﬁnition 4.1. IfW is a game on N then f (W) is also a game on N for every f ∈ SN . GamesW and W ′ are isomorphic
if W ′ = f (W) for some f ∈ SN . This notion has been already used in the preceding section. If f (W) = W then f
is an automorphism of W. The set of all automorphisms of W is a subgroup Aut(W) called isotropy group of W. (For
previous applications of this notion see e.g. [2] for simple games and [5] for cooperative games.)
Deﬁnition 4.2. Analogously, if Q is a blocking family on N then f (Q) is also a blocking family on N for every f ∈ SN .
Blocking families Q and Q′ are isomorphic if Q′ = f (Q) for some f ∈ SN . If f (Q) = Q then f is an automorphism
of Q. The set of all automorphisms of Q is a subgroup Aut(Q) called the isotropy group of Q.
LetQbe a nonempty blocking family andW(Q)denote the set of games havingQ as blocking family, i.e.W(Q)={W :
QW = Q}.
Proposition 4.3. Aut(W) ⊆ Aut(Q) for all W ∈ W(Q).
Proof. Let f ∈ Aut(W). To see that f (Q) = Q it sufﬁces, by ﬁniteness, to check that f (Q) ⊆ Q; that is, if
T ∈ Q then f (T ) ∈ Q. And, indeed, if T ∈ Q then T ,N\T /∈W because W ∈ W(Q). Thus, f (T ) /∈W and
N\f (T ) = f (N\T ) /∈W because f ∈ Aut(W). This means that f (T ) ∈ Q, given that W ∈ W(Q). 
Now, let W ∈ W(Q) and let OW = {f (W) : f ∈ Aut(Q)} be the orbit of W with respect to Aut(Q).
Proposition 4.4. (a) OW ⊆ W(Q) and the (distinct) orbits give a partition of W(Q).
(b) |OW | = |Aut(Q)| · |Aut(W)|−1, that is, the cardinality of an orbit is the index of the subgroup Aut(W) of any of
its representatives within Aut(Q), also denoted in group theory as [Aut(Q) : Aut(W)] (quotient of orders) (see [6]).
Proof. (a) Let W ′ = f (W) with f ∈ Aut(Q). We have to prove that QW ′ = Q. (1) Let T ∈ QW ′ . Then T ,N\T /∈W ′
and hence f−1(T ),N\f−1(T ) /∈W , so that f−1(T ) ∈ Q and T ∈ Q. (2) Let T ∈ Q. Then f−1(T ) ∈ Q, therefore
f−1(T ),N\f−1(T ) /∈W , thus T ,N\T /∈W ′ and hence T ∈ QW ′ .
(b) Setting W ≡ W ′ iff W ′ =f (W) for some f ∈ Aut(Q) deﬁnes an equivalence relation in W(Q) because Aut(Q)
is a group. The equivalence classes are the (distinct) orbits with respect to Aut(Q). Now, given an orbit OW , let us
consider the map Aut(Q) −→ OW given by f → f (W). It is a surjective map, and f (W) = g(W) is equivalent to
g−1 ◦ f ∈ Aut(W), so that f and g belong to the same left coset of Aut(Q) modulo Aut(W). From this, the formula on
cardinalities follows at once. 
Proposition 4.5. If Q is a separating family, then W(Q) = {WQ} and Aut(WQ) = Aut(Q).
Proof. This follows from the formula on the cardinalities of the orbits. 
Theorem 4.6. Let Q be a nonempty nonseparating family and let W0 = (WQ ∪Q\Q)+ be the maximum game having
Q as blocking family (W0 is improper). Then:
(a) W ⊆ W0 for all W ∈ W(Q).
(b) The splitting of W(Q) into orbits is of the form
W(Q) = OW0 ∪ OW1 ∪ OW2 ∪ · · · ,
where OW0 = {W0}, and W ′ ∈ OWi for i1 iff W ′ = f (Wi) for some f ∈ Aut(Q), in which case Aut(W ′) = f ◦
Aut(Wi) ◦ f−1 (conjugate subgroups).
(c) Aut(Q) contains all isomorphisms between games W,W ′ ∈ W(Q). In particular, not only Aut(W) ⊆ Aut(Q) for
all W ∈ W(Q) but also Aut(Q) ⊆ Aut(W0) and hence
Aut(Q) = Aut(W0) =
⋃
W∈W(Q)
Aut(W) =
⋃
W,W ′∈W(Q)
Iso(W,W ′),
where Iso(W,W ′) denotes the set of all isomorphisms from W to W ′.
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Proof. (a) For all W ∈ W(Q), W = (WQ ∪ Q′)+ for some Q′ ⊆ Q\Q, so that W ⊆ W0.
(b) It is straightforward to check that Aut(W ′) and Aut(Wi) are conjugate subgroups.
(c) If W,W ′ ∈ W(Q) and f (W) = W ′ then, for each T ∈ Q, T ,N\T /∈W whence f (T ),N\f (T ) /∈W ′ and
therefore f (T ) ∈ Q. Thus, f (Q) ⊆ Q and, by ﬁniteness, f (Q)=Q. Finally, if f ∈ Aut(Q) then f keeps invariant Q,
hence WQ, hence Q, hence W0. 
5. Revisited examples
In this ﬁnal section we recall some examples analyzed in Section 3 and establish in each nonseparating case the
structure of the set of games having a common blocking family and the links between them.
Example 5.1. The separating blocking families for n=4 (up to isomorphism) and their corresponding isotropy groups
are given in Table 5 (that follows from Table 1), where Sm means SM for some subset M ⊆ N with |M| = m and ×
means direct product of groups.
As the orbit OQ of any blocking family Q on N with respect to the whole permutation group SN also satisﬁes a
relationship of the form
|OQ| = |SN | · |Aut(Q)|−1
(the proof of which is analogous to that of Proposition 4.4(b)), it follows that there are, in all, 50 weak games with
n=4 players and separating blocking family (only 9 up to isomorphism). The number of blocking families isomorphic
to each representative is given in the last column of Table 5. The sum yields 50.
Example 5.2. In Example 3.3, Aut(Q) is isomorphic to the dihedral group D8 of the square whose vertices are 1, 3,
2 and 4 following the clockwise sense, that is,
Aut(Q)D8 = {id, g, g2, g3, t12, t34, t13 ◦ t24, t14 ◦ t23},
where g denotes the rotation of 90◦ in the clockwise sense and tij the transposition of vertices i and j. The orbits and
the isotropy group of the ﬁrst member of each one of them are, with the numbering of Table 2,
• OP1 = {P1, P2}, Aut(P1) = {id, t12, t34, g2} = Aut(P2) and the remaining permutations of Aut(Q) give isomor-
phisms between P1 and P2.
• OI3 = {I3} and Aut(I3) = Aut(Q). I3 is the maximum (improper) game here.
Example 5.3. In Counterexample 3.4, Aut(Q) is isomorphic to the dihedral group D8 of the square whose vertices
are 1, 3, 4 and 2 following the clockwise sense, that is,
Aut(Q)D8 = {id, g, g2, g3, t14, t23, t12 ◦ t34, t13 ◦ t24}.
Table 5
4-Person separating blocking families and corresponding isotropy groups
WQ Q Aut(Q) |OQ|
P4 {{1}, {2, 3, 4}} S3 4
P2 {{1}, {1, 4}, {2, 3}, {2, 3, 4}} S2 12
P7 {{1}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {2, 3, 4}} S2 12
P13 {{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}} S4 1
P12 {{1}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}, {2, 3, 4}} S3 4
P1 {{1}, {2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {1, 3, 4}, {2, 3, 4}} S2 × S2 6
P11 {{1}, {2}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}}, {{3, 4},
{1, 3, 4}, {2, 3, 4}} S2 × S2 6
P10 {{1}, {2}, {3}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4},
{1, 2, 4}, {1, 3, 4}, {2, 3, 4}} S3 4
P14 all T = N,∅ S4 1
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The orbits and the isotropy group of the ﬁrst member of each one of them are, with the numbering of Table 3,
• OP1={P1, P2, P3, P4}, Aut(P1)={id, t23} and the remaining permutations ofAut(Q) give isomorphisms between
P 1 and Pi for i = 2, 3, 4.
• OI5 = {I5, I6, I7, I8}, Aut(I5) = {id, t13 ◦ t24} and the remaining permutations of Aut(Q) give isomorphisms
between I5 and Ij for j = 6, 7, 8.
• OI9 = {I9} and Aut(I9) = Aut(Q). I9 is the maximum (improper) game here.
Example 5.4. In Counterexample 3.5, Aut(Q) is isomorphic to the dihedral group of the square whose vertices are 1,
4, 2 and 5 following the clockwise sense, that is,
Aut(Q)D8 = {id, g, g2, g3, t12, t45, t14 ◦ t25, t15 ◦ t24}.
There are 10 orbits, already marked in Table 4. The composition of each orbit and the isotropy group of the ﬁrst member
of each one of them are, with the numbering of Table 4,
• OI1 = {I1} and Aut(I1) = Aut(Q). I1 is the maximum (improper) game here.
• OI2 = {I2, I3, I4, I5} and Aut(I2) = {id, t15 ◦ t24}.
• OI6 = {I6, I7, I8, I9} and Aut(I6) = {id, t14 ◦ t25}.
• OP10 = {P10, P11, P12, P13} and Aut(P10) = {id, t45}.
• OI14 = {I14, I15} and Aut(I14) = {id, g2, t14 ◦ t25, t15 ◦ t24}.
• OI16 = {I16, I17, I18, I19, I20, I21, I22, I23} and Aut(I16) = {id}.
• OI24 = {I24, I25, I26, I27} and Aut(I24) = {id, t45}.
• OP28 = {P28, P29, P30, P31} and Aut(P28) = {id, t14 ◦ t25}.
• OI32 = {I32, I33, I34, I35} and Aut(I32) = {id, t14 ◦ t25}.
• OP36 = {P36} and Aut(P36) = Aut(Q).
The remaining permutations of Aut(Q) give, in each case, isomorphisms between the representative and the other
members of the orbit. The isotropy group of any other member of an orbit can be found by applying Theorem 4.6(b)
to any isomorphism that links it to the representative of the orbit.
Example 5.5. In the case n= 4 there are, up to isomorphism, two nonempty nonseparating blocking families, namely
Q1 = {{1, 3}, {1, 4}, {2, 3}, {2, 4}} and Q2 = {{1, 4}, {2, 3}}
(see Example 3.2). There are two orbits in W(Q1) and three in W(Q2) (see Examples 5.2 and 5.3, respectively), so
that: up to isomorphism, there are ﬁve weak 4-person games with nonseparating blocking family.
If we want to know how many games arise from these ﬁve representatives, we only need to compute, for n = 4,
∑
Q
n!
|Aut(Q)| |W(Q)|,
where the summation is extended to the representative nonseparating blocking families. As Aut(Q1)D8Aut(Q2),
|W(Q1)| = 3 (see Example 3.3), and |W(Q2)| = 9 (see Counterexample 3.4), we get in this case
24
8 · 3 + 248 · 9 = 36,
so that: there are, in all, 36 weak 4-person games with nonseparating blocking family.
Example 5.6. In the case n = 5 there are, up to isomorphism, 11 nonempty nonseparating blocking families. One
of them (marked (*) in Table 6) has been completely analyzed in Counterexample 3.5 and Example 5.4. By means
of a similar analysis in the other cases, most of them too tedious to be included here, we have got the results stated
in Table 6.
Table 6 gives, for each representative blocking familyQ, the value of p, deﬁned in Remark 2.6(b), the number #W(Q)
of orbits inW(Q), the isotropy group Aut(Q), the cardinality of the orbitOQ with respect to SN , a symbolic description
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Table 6
5-Person nonempty nonseparating blocking families up to isomorphism
Q p # W(Q) Aut(Q) |OQ| W(Q) Weak games in OQ
{{1, 2}, {3, 4, 5}} 6 23 S2 × S3 10 129 = 18P + 111I 1290
{{1, 2}, {1, 3}, {2, 4, 5}, {3, 4, 5}} 3 10 S2 × S2 30 14 = 5P + 9I 420
{{1, 2}, {3, 4}, {1, 2, 5}, {3, 4, 5}}(∗) 4 10 D8 15 36 = 9P + 27I 540
{{1, 2}, {1, 3}, {1, 4}, 1 2 S3 20 3 = 2P + 1I 60
{2, 3, 5}, {2, 4, 5}, {3, 4, 5}}
{{1, 2}, {1, 3}, {2, 4}, 2 4 S2 60 6 = 3P + 3I 360
{1, 3, 5}, {2, 4, 5}, {3, 4, 5}}
{{1, 2}, {1, 3}, {4, 5}, 2 6 S2 × S2 30 9 = 4P + 5I 270
{1, 2, 3}, {2, 4, 5}, {3, 4, 5}}
{{1, 2}, {1, 3}, {1, 4}, {2, 5}, 1 2 S2 60 3 = 2P + 1I 180
{1, 3, 4}, {2, 3, 5}, {2, 4, 5}, {3, 4, 5}}
{{1, 2}, {1, 3}, {2, 4}, {3, 4}, 2 4 S2 × S2 30 6 = 3P + 3I 180
{1, 2, 5}, {1, 3, 5}, {2, 4, 5}, {3, 4, 5}}
{{1, 2}, {1, 3}, {2, 4}, {3, 5}, 1 2 S2 60 3 = 2P + 1I 180
{1, 2, 4}, {1, 3, 5}, {2, 4, 5}, {3, 4, 5}}
{{1, 2}, {1, 3}, {1, 4}, {2, 5}, {3, 5}, 1 2 S2 60 3 = 2P + 1I 180
{1, 2, 4}, {1, 3, 4}, {2, 3, 5}, {2, 4, 5},
{3, 4, 5}}
{{1, 4}, {1, 5}, {2, 4}, {2, 5}, {3, 4}, 1 2 S3 × S2 10 3 = 2P + 1I 30
{3, 5}, {1, 2, 4}, {1, 2, 5}, {1, 3, 4},
{1, 3, 5}, {2, 3, 4}, {2, 3, 5}}
of W(Q) indicating the total number of games and its decomposition into proper games and improper games (in some
cases we have applied the formula given in Proposition 4.4(b)) and, ﬁnally, the total number of weak games having Q
or an isomorphic copy as blocking family, which has been obtained as in Example 5.5.
Therefore, the third column gives that up to isomorphism, there are 67 weak 5-person games with nonseparating
blocking family. The ﬁnal column gives that there are, in all, 3690 weak 5-person games with nonseparating blocking
family.
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